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Abstract 
Let F be a finitely generated field and let j:F -+ N be a weak presentation of F, i.e. an 
isomorphism from F onto a field whose universe is a subset of N and such that all the field 
operations are extendible to total recursive functions. Then if RI and R2 are recursive subrings 
of F, for all weak presentations j of F, j(R,) is Turing reducible to j(R,) if and only if there exists 
a finite collection of non-constant rational functions {Gi} over F such that for every x E RI for 
some i, Ci(x) E R2. We investigate under what circumstances such a collection of rational 
functions exists and conclude that in the case when RI $L R2 are both holomorphy rings and 
F is of characteristic 0 or is an algebraic function field over a perfect field of constants, the 
existence of the above-described collection of rational functions is equivalent to the requirement 
that the non-archimedean primes which do not appear as poles of elements of R2 do not have 
factors of relative degree 1 in some simple extension of K. 
1. Introduction 
This paper grew out of an investigation of the weak presentations of rings and fields. 
Ring presentations were introduced to formalize the notion of an algorithm over 
a ring or a field. An arbitrary countable ring was mapped injectively into rational 
integers so that any function over the ring could be translated into a function from 
N to N and one could define a function over the ring to be recursive if and only if its 
counterpart over N was. Given a definition of recursive functions over the ring, one 
could then proceed to define recursive and recursively enumerable subsets of the ring, 
establish various reducibilities, etc. 
The original definitions of presentations (see [6,2]) required the ring under consid- 
eration as well as ring operations to be (primitive) recursive. However, there 
are naturally arising rings and fields which do not have recursive presentations 
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but are subrings or subfields of recursive rings and fields. Consider, for example, a 
holomorphy ring of Q defined by the following conditions: 
Oo,s = {x E Q, ord, x 2 0 for all q$Sj, 
where S is a set of rational primes. If S is not recursively enumerable then under any 
standard presentation of Q the ring OQ,s is non-recursive. On the other hand, Oo,s, 
being a subring of Q, has, under a standard presentation of Q, recursive ring 
operations. 
Given this example, one could be motivated to define a new class of presentations 
(weak presentations) which will not require the ring or the field under consideration to 
be recursive, but will require recursiveness of the ring operations. Thus, we have the 
following definition. 
Definition 1.1 (Recursive and weak presentations). Let R be a countable ring and 
assume there exists an injective map j: R -+ FV such that there exist total recursive 
functions P, , P_, P. : N x N -+ N with the property that for every x1, x2 E R, 
P+(j(~J,j(x2)) =.ih + x2), p- UbJ,jb72)) =dx I - x2), ~.Wd,jb2)) =.+I ‘x2). 
Then j is called a weak presentation of R as a ring. If j(R) is recursive (r.e.) then the 
presentation is called recursive (r.e.). 
If F is a countable field, j: F -+ N is a weak presentation of F as a ring and there 
exists a recursive function 9, : N x N --+ N such that for any x1, x2 # 0 in 
F pi (j(~~), j(x~)) =j(~,/xJ thenj is called a weak presentation off: as a field. Ifj(F) 
is recursive (r.e.) then j is called recursiue (r.e.). 
To motivate the discussion of weak presentations in another way, one could 
consider the questions of existential definability over rings. In discussing Diophantine 
definability over non-recursive rings, one usually likes to preserve the following 
property. If a set A has a Diophantine definition over a ring recursive R then A is 
relatively enumerable with respect o R. Weak presentations allow such a relationship 
to be preserved over non-recursive objects, and thus provide a convenient environ- 
ment for the discussion of Diophantine classes. For more details on the relationship 
between weak presentations and Diophantine questions see [7]. 
In a joint work with Carl Jockusch the author has shown that every computable 
field or ring has a weak presentation of any r.e. degree and for every pair of r.e. degrees 
a < b there exists a weak presentation j of Q such that ME a and j(0) E b. 
Moreover, the author has shown that, given a recursive field K, and a not completely 
inseparable finite or transcendental extension M of K, as well as a pair of r.e. degrees 
a & 6, there exists a weak presentation j of M such that j(M) E b and j(K) E a. (For 
more details concerning these results see [4,8].) Given these facts we might want to 
define the following relation between fields or rings. 
Definition 1.2 (Turing separability). Let RI, R2 be countable rings with quotient fields 
F1 and F2 respectively contained in some field F. Then call RI Turing separable from 
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R2 if FIFz has a weak presentation j such that j(R,) has a different Turing degree from 
j(Ri). 
In [9] the author has shown that for subrings of finitely generated global fields 
(number fields and algebraic function fields) Turing separability is equivalent to 
algebraic separability which is defined below. 
Definition 1.3 (Algebraic separability). Let RI and R2 be two subrings of some field 
F and assume that either RI and R2 are finite or there exists a finite set of non- 
constant rational functions {Hi(x)} E F( x such that for all x in RZ, for some i, ) 
Hi(x) E RI. Then we will say that R2 is rationally separably less than RI and denote 
this fact by R2 <,, RI. We will call {Hi(x)} connecting rational functions. 
It is not hard to show that we can assume that connecting rational functions have 
their coefficients in F1F2, the relationship is transitive, if RI c R2 then RI 6,, R2 and 
if Fz is a finite completely inseparable extension of F, then F2 6,, F1. If RI 6,, R, 
and R2 6,, RI then we will say that RI and R2 are algebraically rationally insepar- 
able. 
One of the main results obtained by the author in [9] is the following theorem 
relating algebraic and Turing separabilities. 
Theorem 1.4. Let R,, R, be recursive subrings of global finitely generated recursive 
fields F, and F2 respectively. Then the following two statements are equivalent: 
1. For every weak presentation j of F,F,, j(R,) is Turing reducible to j(R,). 
2. R, <,,Rz. 
Thus, for the above class of rings the study of Turing separability reduces to the 
study of algebraic separability. The case of different quotient fields is partly reduced to 
the case of the same quotient fields by the following theorem whose proof can be 
found in [9]. 
Theorem 1.5. Let RI, R2 be any two subrings of some field. Let F1 and F2 be the 
respective quotient fields. Then R 1 <,, R2 implies that either F1 c F2 or there exists 
k E N such that, for all x E F1, xpx E FZ, where p is the characteristic of thefields. (Thus 
if F1 is not a subfield of F2 it has to be totally inseparable over F, nF,.) 
In this paper we will investigate what determines algebraic separability or insepara- 
bility of holomorphy subrings of the same global field. In general, the questions 
concerning logic of number fields and algebraic function fields can be extremely 
difficult. Consider, for example, the question of decidability of the Diophantine 
problem and the related issues of existential definability over various subrings of 
number fields and algebraic function fields. On the other hand, the questions of 
Turing and rational separability proved to be much easier. (One could think of 
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rational separability as a very special case of Diophantine definability.) Here we 
succeed in giving a complete characterization of factors determining Turing and 
rational separability of holomorphy rings of global fields, and thus in producing 
a completely algebraic description (in terms of field primes) of Turing separability. For 
example, the main theorems proved in this paper will produce the following corollary. 
Corollary. Let K be a number held. Then the following statements are true: 
(1) For any E > 0 there exists a set S of K-primes of Dirichlet density less than E such 
that K 6,, O,,s, and therefore Ok..s and K are of the same Turing degree under any 
weak presentation of K. 
(2) If a set of K-primes S is of Dirichlet density zero then OK,s is rationally 
algebraically separable from K, and therefore for any two r.e. Turing degree a 6 b there 
exists a weak presentation j of K such that j(K) E b and j(O,,s) E a. 
Before we proceed further, we would like to make a remark concerning the term 
“global fields”, which we use here to denote not just the number fields and algebraic 
function fields over finite fields of constants but also all other finitely generated 
algebraic function fields in one variable. 
Next we need to discuss some technical facts concerning prime splitting in global 
fields under finite extensions. 
2. Prime splitting in the finite extensions of global fields 
Definition 2.1. Let K be a global field and let S be a set of finite primes of K. Then 
define a holomorphy ring of K to be a set of the form {x E K 1 ord, x > 0 Vn $ S ). Such 
a set will be denoted by OK,S. 
Definition 2.2. (Unramified primes). Let K be a global field, let M be a finite extension 
of K, let p be a prime of K, and let n ‘p’e be the factorization of p in M. Then we will 
say that $$ is unramified over p if ei = 1 and the residue field of ‘pi is separable over 
the residue field of pi. 
Lemma 2.3. Let MJK be afinite algebraic extension of globaljelds. Let p be a prime of 
K whichfactors as nF= 1 ‘$3,:~ in M and letfi = f (vi/p) be the relative degree of vi over p. 
Then IF= 1 eifi = [M: K]. 
Proof. For the number field case see, for example, [3, Corollary 6.7, p. 281. For the 
function field case see, for example, [l, Theorem 1, p. 523. 0 
Corollary 2.4. Suppose M and K are algebraic function fields of characteristic p > 0, 
y E K and y is not a pth power in K, M = K(Y”~), and p is a prime of K. Then there is 
only one prime ‘$3 above p in M and either f (‘p/p) = p, e(‘$/P) = 1 or e(p/P) = p 
and f (‘$3/p) = 1. Furthermore, even if e (v/p) = 1, ‘$3 is still rami$ed over p. 
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Proof. This corollary follows from Lemma 2.3, Lemma 1 on p. 94 of [l], and the fact 
that in case e@/p) = 1 the residue field of (1-1 is completely inseparable over the 
residue field of p. 0 
Lemma 2.5. Let M he a$nite extension of an algebraic.functionJield K, let p be a prime 
of K, and let (!J3< j be all the primes of M above p. Assume none of the Cpi’s is ramified over 
K. Let F be a totally inseparable extension of K. Let 6 and (ai be primes above p and 
‘T(i in F and MF respectively. Then (8, is not ramified over $. 
Proof. Consider the following diagram: 
ViEM ~ MF3$i 
I 1 
PEK - F~J? 
Since no factor of p is ramified in M we must conclude that M is separable over K and 
M has a basis {Oj} over K such that each Wj is integral with respect to p and the 
discriminant of {Wj} is not divisible by p. (This follows from the fact that, given any 
prime p of K, we can always find a local integral basis with respect o p, and then p will 
be a zero of the discriminant of this basis if and only if p has a ramified factor in M.) 
Since M/K is separable and F/K is totally inseparable, [MF: F] = [M : K-j. Thus, 
iCOjj will be a basis of k?F over F. Hence, the extension MF~~ will be separable and 
the discriminant of {Wj> will not have a zero at & Therefore, no factor of g will ramify 
in the extension MF/F. 0 
Lemma 2.6. Let K be a globalfield and let M = K(a) be a simple extension of K. Let 
T(x) be the manic irreducible polynomial of a over K and let p be a prime of K such that 
all the coefficients of T(x) are integral at p and the congruence T(x) z 0 module p has 
no solutions in K. Then p does not have a factor of relative degree 1 in K. 
Proof. Suppose p has a factor ‘$3 of relative degree 1 in K(a). Consider all the elements 
of K(a) integral at ‘p as well as their equivalence classes modulo Q. Since~(~~p) = 1 
every above-mentioned equivalence class will contain an element of K and thus there 
exists a E K such that a z a modulo ‘p. Therefore T(a) z 0 modulo ‘p. But T(a) E K 
and hence T(a) z 0 modulo p, and we have a contradiction with our assump- 
tions. 0 
Lemma 2.7. Let K be a globalfield, let M be a$nite separable extension of K of degree 
n, let S be a set of primes of K and let W be a set of primes of M consisting of all the 
factors of primes of S. Then 0 M, w is the integral closure of OK.s in M and for any 
element a such that M = K(a), a E OM, w and such that Disc(1, . . . , an-l) is a unit of 
%s, ON,W = &.sCal. 
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Proof. Let Mc be the Galois closure of M over K and let (or = identity, . . . , o, be all 
the embeddings of M into its algebraic closure keeping K fixed. Next let A be the n x IZ 
matrix (ai(a where i = 1, . . . , n, j = 0, . . . ,n - 1, let y E OM,w and assume 
y = CyLiajzj, where {aj> E K. Furthermore, consider the following linear system 
over M,: 
It is easy to see that all the conjugates of y will be integral at all the MG factors of any 
prime M not in W. This is also true of the inverse of the determinant of this system. 
Thus, using Kramer’s rule, one can establish that {Uj> will also be integral at all the 
Mo-factors of all the primes of M not in W, and hence will be integral at all the primes 
of K not in S. 0 
Lemma 2.8. Let K be a global field, let p be a prime of K, and let M be a simple 
extension of K generated by an element a E M such that { 1, c(, . . . , cF1] is a local 
integral basis with respect to p, i.e. c( is integral at p and every element f3 E M integral at 
p can be written as C,!~~U~U~, where {Ui} c K and are integral at p. Then p has 
a relative degree 1 factor in M if and only if the manic irreducible polynomial of tl over 
K has a root modulo 13 in K. 
Proof. From Lemma 2.6 we can conclude that if p has a relative degree 1 factor in 
M the manic irreducible polynomial of CI over K will have a root in K modulo p. So 
suppose T(x) is that irreducible polynomial and let a E K be such that T(a) E 0 
modulo p. Then, since T is manic, ord, a > 0. Further consider (a - a). We claim it is 
divisible by at least one of the factors of p in M. Indeed, NMix(a - (x) = T(a) g 0 
modulo p. Let ‘$ be a factor of p such that ordV(a - a) > 0. Let p be any element of 
M integral at p. Then by assumption p = C:“-; Uicli, where {ai} c K and are integral 
at p, and thus modulo ‘$3 /I E C,Yd aiai E K, where I;“=; aiai is integral at p. Finally, if 
y is any element of M integral at ‘$3 then, by the Approximation Theorem, there exists 
6 E M such that y z 6 modulo ‘$3 and 6 is integral at p. Therefore, modulo ‘$3 any 
element of M integral at ‘p will be equivalent to an element of K integral at p and 
consequently the relative degree of ‘$ is 1. 0 
Lemma 2.9. Let C be anyfield and let T(x) E C[x] be a manic irreducible polynomial 
over C. Let a be a root of T in the algebraic closure of C and let ,!3 E C(a) \ C be another 
element of the algebraic closure of C. Then T(x) will factor in C(b). 
Proof. Note that C c C(p) 5 C(a). Thus [C(a):C(P)] < [C(c():C]. Let T,(x) be 
the minimal polynomial of CI over C(p), then T1 (x) must be a non-trivial factor of 
T(x) in W)Cxl. q 
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Lemma 2.10. Let K be a separably generated function$eld over a$eld of constants C 
of characteristic p > 0. Let c E C and assume c is not a pth power. Then for all but 
finitely many primes p of K, c E zp modulo p for some z E K will imply that the prime 
above p in K(c”~) will have ramijcation degree p over p. 
Conversely, if the prime above p in K(c ‘jp) has ramification degree p over p then, for 
some z E K, c FZ z p module p. 
Proof. First assume K = C(y) is a rational function field. Let p be a prime of K and 
assume, for some z E K, c z zp modulo p. Since the extension is totally inseparable 
and is of degree p, every prime either remains prime or splits completely into 
p identical factors. Since p is a prime of a rational function field, p corresponds to 
a manic irreducible polynomial in y or, in case it is a pole of y, in y- ‘. Thus p will 
remain prime in the extension if and only if the corresponding polynomial will remain 
prime in the extension. Let a be a root of the polynomial corresponding to p, then 
clip E C(a), and thus the polynomial will factor by Lemma 2.9. Therefore, the prime 
will split completely into p identical factors. 
Conversely, if p splits completely in the extension, then by Lemma 2.6, c is a pth 
power modulo p. 
Now let K be an arbitrary separably generated algebraic function field over a field 
of constants C and consider the following diagram. 
PEK K(clIP) 
I I 
‘u E C(Y) C(Y, cl’? 
Let y E K be such that K/C(y) is separable. Then, by Lemma 2.5, a prime p E K 
which does not ramify and whose conjugates do not ramify in the extension K/C(y) 
will have a factor of ramification degree p in K(c’IP) if and only if the rational 
prime ‘p below p will have such a factor in the extension C(crip, y)/C(Y). 
By the argument above, the last condition is equivalent to c being a pth power 
modulo ‘$3 in C(y). Since p is not ramified over ‘$ the residue field of p is separable 
over the residue field of ‘$3, and thus this is equivalent o c being a pth power modulo 
pin K. 0 
Lemma 2.11. Let K be an algebraicfunctionfield of positive characteristic p over ajeld 
of constants C. Let y E K\C, assume K is separable over C(y), and let M = K(y I!“). 
Then for all butfinitely many primes p of K the polynomial TP - y has a root modulo p 
[f and only if p has a factor of relative degree 1 in M. 
Proof. First assume K = C(y) is a rational function field. Let C be the separable 
algebraic closure of C. It is known that no primes ramify under separable constant 
field extensions. (This follows from the fact that ramified primes have to divide the 
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discriminant of the extension which happens to be a constant in this case.) Thus, no 
prime ramifies in the extension C(y)/C(y) and therefore, by an argument similar to 
the one used in Lemma 2.5, a prime p of C(y) will have a factor of ramification degree 
p in the extension C(y”p)/C(y) if and only if each of its factors in C(y) has such 
a factor in C(y lip). Furthermore, for any prime p of C(y), y is a pth power modulo p if 
and only if y is a pth power modulo every factor of p in C(y). This follows from the fact 
that all residue field extensions will be separable and therefore no new pth roots will 
appear. 
In C(y) every prime except for the one corresponding to the pole of y corresponds 
either to a linear polynomial y - c or to a completely inseparable polynomial of the 
form ypr - c. Let II correspond to y - c. Since II is of degree 1, y is a pth power 
modulo II if and only if c is a pth power in C. If c = bP, then in C(Y”~) Zl will clearly 
split since (y rip - b)P = (y - c). If c is not a pth power, then y is not a pth power 
modulo 17 and, by Lemma 2.6, II will remain prime in C(Y~‘~). 
Next let II correspond to yp’ - c, where c is not a pth power in C as the polynomial 
must remain prime. Then y is not a pth power modulo n. Suppose not, then y rfP(y) 
mod yp’ - c. Then, y -fP(y) = (ypr - c)h(y), wheref, h E Cry]. Differentiating with 
respect to y we then obtain 1 = (y p’ - c) k’( y). This is of course impossible. Thus, by 
Lemma 2.6, none of the inseparable primes will split. 
Finally, we conclude that a prime p will split completely in the extension 
C(~“~)/c(y) if and only if y is a pth power modulo p. 
Next let K be any algebraic function field separable over C(y) and consider the 
following diagram: 
PEK K(Y"") 
I I 
v E C(Y) c(Y1’p) 
Assume that a prime p of K as well as its conjugates are not ramified over C(y). 
Then, by Lemma 2.5, p will split in the extension K(y’jP) if and only if ‘$3, the prime 
below p in C(y), will split in the extension of C(y”“)/C(y). On the other hand, if p is 
not ramified over ‘p, then the residue field extension is separable. Thus, y is a pth 
power modulo p in K if and only if y is a pth power modulo ‘!I3 in C(y), and the result 
follows. 0 
Lemma 2.12. Let K be a$eld of positive characteristic p, and let y be an element of the 
algebraic closure of K satisfying the minimal equation C,“_,b[y’ = 0 over K. Then K(y) 
contains an element /I suck that fip = y. 
Proof. Let /I” = y. Then CE?EO b/‘/Pi = I,!=, bPy’ = 0 or I,!=, bilJi = 0. SO fi satisfies 
the polynomial equation 1,:: obi T i = 0, and consequently [K(P) : Kl d n. On the 
other hand, K(y) c K(P) and [K(y): Kl = n. Thus, K(y) = K(B). 0 
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Lemma 2.13. Let K be an algebraic functionfield over afield of constants C such that, 
for some t E K, K is separable over C(t). Let y E K\C be such that K/C(y) is not 
separable. Then there exist constants bl, . . . , bk such that K( y ‘lp) c K (b t’p, . . . , b:lP). 
Proof. Since K/C(y) is not separable, and K/C(t) is separable, t is not separable 
over C(y). Thus, for some collection {aij} of elements of C, P(t, y) = x aij tiPyj = 0 
and P(t, y) is irreducible as a polynomial in y or t. Next adjoin {a,‘jl”} to C. Since 
this is a purely inseparable extension and y is separable over C(t), P(t, y) will not 
factor over C({a:/“}, t) In this case, by Lemma 2.12 y will become a pth power in 
K(ja,!jP)). 0 ” 
Lemma 2.14. Let K be a finite extension of a rational function field C(t) of positive 
characteristic p > 0. Let a and p be non-constant elements of the algebraic closure of 
K such that fi = xpk is separable over K and such that K is not separable over C(p). 
Furthermore, assume that for all primes p of K contained in some set s, the irreducible 
polynomial of r over K does not have a root modulo p in K. 
Then there exists r E N such that b is separable over K, - the separable closure of 
C(tp*) in K and K, is separable over C(p). Furthermore, the following statements are 
true: 
1. The extension K/K, is jnite and completely inseparable. 
2. Ifs,. is the set of K,-primes below the primes of s, then no prime of& will have 
a factor of relative degree 1 in K,(x). 
K,(r) - Kb) 
I I % E UP) K(B) = KU, t, . . . >,3cP 
I I 
pr E K K = K,(t, . . . })3p 
I I 
C( tq C(t) 
Proof. Consider the manic irreducibe polynomial ,B satisfies over C(t). Let pr 
be the largest power of p dividing all the exponents of t in that polynomial. 
Then fl is separable over C(tp’) and tP’ is separable over C( /I). Let K, be the separable 
closure if C( tp’) in K. Then the extension K/K, is finite and totally inseparable while 
K, is separable over C(p). Furthermore, by construction fl and M satisfy the 
same minimal polynomials over K, and over K. Hence, for every prime p,. E S, 
the irreducibe polynomial of c( over K, will not have roots in K, modulo p,. and 
thus, by Lemma 2.6, none of the primes of S, will have relative degree one factors 
in K,.(a). 0 
102 A. Shlapentokh /Annals of Pure and Applied Logic 79 (1996) 93-108 
Lemma 2.15. Let K be a non-separably generated algebraicfunctionjeld over afield of 
constants C. Let M = K(a), where SI is algebraic over C, and let T(x) be the manic 
irreducible polynomial of LX over C. Assumefurther that the equivalence T(x) g 0 modulo 
p does not have any solutions in K for all p in some set s of primes of K. Then there exists 
a field K1 c K such that K/K1 is a finite completely inseparable extension, K1 is 
separably generated and no prime of 9, ~ the set of primes below S - has a factor of 
relative degree 1 in K,(a). 
Proof. Let tl be a non-constant element of K and let K1 be the separable closure of 
C( tl) in K. Then K 1 is separably generated over C, [K : K,] is finite, and the extension 
K/K1 is totally inseparable. Furthermore, since CI is algebraic over C, T(x) E C[x] 
and thus T(x) is the manic irreducible polynomial of a over K1. Let pi E s, and 
assume pr has a factor of relative degree 1 in K 1(c(). Then, by Lemma 2.6 we 
can conclude that T(x) z 0 modulo p1 has solutions in K1. But then this 
congruence will have solutions module p, the prime above pi in K, and we will have 
a contradiction. 0 
3. The main results 
We will start with preliminary lemmas. 
Lemma 3.1. Let K be a global field and let T(x) = Cik,,aix’, where ai E K. Let 
c = c(T) = i (max lordPail), 
i=(J P 
where p ranges over all the non-archimedean primes of K. Then for any b E K, 
ord, b < 0 =F. ord, T(b’) < 0. 
Proof. First of all note that T(b”) = C,!= ,,aibic. We claim that for any p such that 
ord, b < 0, for i > j, ord, aibic < ord, ajbjc. Indeed, 
ord, (aib(‘-j)’ /aj) < - c + ord, ai - ord, aj < - c + m;x lord, ai 1 
+ max lord,aj( < 0. IJ 
P 
Lemma 3.2. Let S be any collection of non-archimedean primes of a globaljeld K and 
let S be its complement. Then K 6,, 0 K,S if and only ifthere exist a finite collection of 
polynomials (Ti(X)} E K[x] and a finite subset W of S such that for all x E K, for 
some i, for all p E S\ W, ord, Ti(X) ,< 0. 
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Proof. Suppose first that K 6,, OK,s. It is clear that if S is finite we are done. So 
assume Sis infinite. Let {Gi(x) = Pi(x)/Qi(x)}i=,, ,..,k, where Pi, Qi E K[x], (Pi, Qi) = 1 
in K[x], be a collection of connecting rational functions. Since Pi, Qi are relatively 
prime, for some polynomials Ai( Bi(x) E K[x] Ai(x)Pi(x) + Bi(x)Qi(x) = 1. There- 
fore, if p is a finite prime and all coefficients of Ai( Bi(x), P,(x) and Qi(x) are units 
at p then for any a E K, Qi(a) g 0 modulo p implies ord, Gi(a) < 0. Indeed, suppose 
Pi(a) z 0 and Qi(U) g 0 modulo p, where p has been described above. Then without 
loss of generality we can assume ord, Ai < 0. Since all the coefficients of Ai are 
units at p, ord, Ai < 0 implies ord, a < 0. In this case, however, since coefficients of 
Pi(X) are also units at p, ord,Pi(a) < 0 and we have a contradiction with our 
assumption. Thus, if Qi(U) z 0 modulo p then ord, Pi(a) = 0 and thus indeed 
ord, Gi(a) < 0. 
Next let W be a subset of s consisting of all primes of 5 at which, for some i, 
coefficients of Ai( Bi(x), P,(x) or Qi(x) have non-zero orders. Then, for all a, 
Gi(a) E GK,S for some i will imply that for this i for all p E s ord, Gi(U) > 0, and 
consequently imply Q{(a) $0 modulo p for all p E s\W. 
Suppose now we have a collection of polynomials {T,(x)> over K and a finite set 
W of non-archimedean primes of K such that for all x E K for some i for all p E s\ W, 
ord, T,(x) < 0. Let c = maxi(c( Ti)), let b E K and consider {Ti((b’ + P-l)‘)}, where 
P E K and P has order 1 at all the primes of W. (Such a P exists by the Approxi- 
mation Theorem.) By assumption, for some i for all p E s\W, ord, Tt((b’ + P-l)‘) d 0. 
On the other hand, if p E W then ord, (b2 + P- ‘) < 0, and by definition of c, for all i, 
ord, Ti((b2 + P-l)‘) < 0. Hence { Ti((x2 + P-I)‘)-‘} will be a collection ofconnect- 
ing functions from K to 0x.s. 0 
Lemma 3.3. Let K be a global field and let U be a collection of its non-urchimedeun 
primes. Then there exists afinite collection { Ti(x)} of polynomials over K such that for 
all x E K there exists i such thatfor all p E U ord, Ti(x) < 0 if and only if there exists 
a U’ c U with U\U’ finite and a polynomial P(x) such that for all x and all p E U’ 
ord, P(x) < 0. 
Proof. Let U and {T,(X)},=,, ,k b e as above. For each Ti(X) let {pij} be the list of all 
the primes in U such that there exists a(nij) E K with Ti(a(pij)) E 0 modulo Pij. If the 
list is finite for one of the polynomials we are done. Otherwise there exists infinitely 
many k-tuples of the form (ql, . . . ,qk) such that qi E {nij> and qi # q1 for i # r. By the 
Approximation Theorem, there exists c E K such that c E U(qi) modulo qi. Thus, for 
all i = 1, . . . , k, Ti(c) z Ti(a(qi)) E 0 modulo qi. It is clear that removal of finitely 
many primes from U will not change the situation. 0 
Theorem 3.4. Let K be either a global field of characteristic zero or an algebraic 
function field of positive characteristic over a perfect constant field, and let Ox,s be 
a holomorphy ring of K. Then K 6,, OK,s if and only if there exists a finite set of 
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non-archimedean primes W of K such that in somejnite simple extension of K none of 
the primes of S\ W has a factor of relative degree 1. (Here S is the complement of S.) 
Proof. Suppose K 6,, OK, s. Then, from the above discussion, there exists a finite set 
W of primes of K and a polynomial T(x) over K such that for all p E S\ W and all 
a E K, ord, T(a) < 0. Let T(x) = n:= 1 Ti(X), where for all i, Ti(x) is irreducible over 
K. Let WI be W augmented by all the primes which occur as poles or zeros of 
coefficients of polynomials { Ti(x)}. Then for all p E s\ WI, all i and all a E K, 
ord, Ti(a) 6 0. Indeed, suppose for some i, some a E K and some p E $\ WI, 
Ti(a) E 0 modulo p. Since ord, T(a) d 0, we must conclude that for some j # i, 
ord, Tj(a) < 0, and thus ord, a < 0 since coefficients of no Tj have poles at p. On the 
other hand, coefficients of Ti(x) have no zeros at p either, and therefore if ord, a < 0 
then ord, Ti(U) < 0. Thus, for all p in s\ WI the equivalence Ti(x) E 0 modulo p will 
have no solutions in K and hence, by Lemma 2.6, no prime of S\ WI will have a factor 
of relative degree 1 in K(E), where x is a root of T;(x). 
Suppose now that for some finite set of primes W there exists a simple extension 
M of K such that no prime of s\ W has a factor of relative degree 1 in this extension. If 
this extension is separable, then by Lemmas 2.7, 2.8 and 3.2 we are done. So suppose 
this extension is not separable. Then, by assumption, K is an algebraic function field 
over a perfect constant field of positive characteristic and there exists an intermediate 
field Ms such that Ms/K is separable and M/Ms is completely inseparable. Let 
s, consist of those primes of s\ W which will not have a factor of relative degree one 
in Ms. Let S, consist of all the primes of S\ W which have a factor of relative degree 
one in Ms. Since M/K is simple M = K(a), where for some r E N\(O), M, = K(aP’), 
and r is as small as possible. Let b = up’ and let T(x) be the manic irreducible 
polynomial satisfied by /I over K. (Then a will satisfy T(xP’).) If p E S, and is such that 
/3 is integral at p, while p is not a zero of all discriminant of /I, then by Lemmas 2.7 and 
2.8, T(x) will not have a root modulo p. Thus T (x”‘) will not have a root modulo p for 
all but finitely many primes of S, . Next assume p E S,, and assume it is not a pole of 
any coefficient of T(x). Let !I3 1, . . , ‘$3, be all the relative degree 1 factors of p in K (/I). 
Let pi = p, . . . ,Pk be all the roots of T(x) in K(P). Then we claim that T(xP’) will 
have solutions modulo p in K if and only if for some i and j 
fli E ap’ modulo ‘$j (3.1) 
for some a E K(J). Indeed, suppose (3.1) holds. Then, since fii is integral at spj, so is a, 
and since the residue field of vj is the same as the residue field of p, the equivalence 
class of a modulo ‘$j contains an element b E K integral at p. Thus 
T(bP’) % T(/?i) = 0 modulo ‘$j. Since T(x) E K[x] we must conclude that T(bP’) g 0 
modulo p. 
Conversely, suppose for some b E K, T(bP”) z 0 modulo p. Thus, 
%B,,K(bP’ - fi) = T(bP’) z 0 modulo p, 
and for some j ord&I - bP’) > 0. 
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Since we have assumed that the field of constants is perfect, r > 0 and is as small as 
possible, by Lemma 2.13, p is not a constant and K(P) is separable over C(p). Thus, 
since K( pl’p”) will remain separable over C( p”p’), by repeated application of Lemma 
2.11 we may conclude that fl is a p*th power modulo ‘!J3j if and only if ‘$j will have 
a factor of relative degree 1 in K(N) (here we assume that vj is not one of finitely many 
primes which can possibly be excluded by Lemma 2.11). As this would mean that 
p will have a factor of degree 1 in K(U) and since the constant field is perfect, implying 
that p is a pth power modulo any prime of K( /I), we must conclude that S, contains at 
most finitely many primes. Finally, we conclude the proof of the theorem by applying 
Lemma 3.2. 0 
In case the field of constants is not perfect the situation is more complicated. We 
will state a version of the above theorem for a general case, but before we do that we 
would like to explain why Theorem 3.4 might fail in the case of a non-perfect constant 
field. The first part of the theorem does not rely on the assumption that the field of 
constants is perfect and it will be true for an arbitrary global field. On the other hand, 
if the field of constants is not perfect it is possible to produce a rational function field 
K, infinitely many primes !I3 of K such that for some a, y E K, y r ap mod ‘Q, but 
‘$ does not split in the extension K(y’lP). Let K be Z/p(s, t), where s is considered to be 
a constant. Let ‘p correspond to an irreducible polynomial t - d, j E N, and let 
y = sp + s(t - s~)~. Then K(y’lP) = K(slIP ), and since s is not a pth power in the 
residue field of ‘$, that is Z/p(s), ‘!I3 will not split in the extension. On the other hand, 
y z sp modulo ‘$J. 
Theorem 3.5. Let K be an arbitrary algebraic function field of positive characteristic 
and let S be a set of non-archimedean primes of K. Then K f,, OK, s if and only if there 
exists afield K, G K such that the extension K/K, is finite, completely inseparable of 
degree greater than or equal to 1, K, has the same constant field C, is separably 
generated over C, has a finite simple extension generated by an element M which is either 
a constant or, for some r, xP’ is separable over K, and K, is separable over C(aP’), and 
where no prime of S, (excluding possiblyjnitely many exceptions) - the set of primes of 
K, below 9 - has a factor of relative degree 1. 
Proof. Assume K <,, OK, s. Then as in Theorem 3.4 we can conclude that there exists 
a manic irreducible polynomial T(x) E K [x] such that the equivalence T(x) E 0 does 
not have any K-solutions modulo almost all ‘$ E S. If all the coefficients of T(x) are 
constants, apply Lemma 2.15, otherwise apply Lemma 2.14, where K, has been 
defined. 
Conversely, suppose K,, as described above, exists. From an argument similar to 
the one used in part 2 of Theorem 3.4 applied to K,, and from Lemmas 2.10 and 2.11 
we can conclude that K, 6,, OK,,S,. On the other hand, for some m, Kpm c K, and 
0 K,.S, = OK,S. Thus, K 6,s 0K.s. 0 
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We will next investigate the rational algebraic separability between holomorphy 
subrings of a global field. As it will become clear below, the case of two 
arbitrary holomorphy rings can be reduced to the case of a holomorphy ring and 
a field. 
Theorem 3.6. Let K be a global field and let S1 and S2 be distinct sets of non- 
archimedean primes of K such that S1 is not a subset of S2. Then OK, s, <,, OK, sI if and 
only ifK 6,, OK,S,. 
Proof. One direction is trivial. That is, if K 6,, OK,S2 then certainly OK,S, 6,, OK,S,. 
We will next assume that OK,S, 6,, OK.S, but not K <,, OK,sI and obtain a con- 
tradiction. Let ‘$3 E S1 \S, and let {F,(x)} b e a collection of connecting functions from 
OK, s, to OK, s,. We can divide all the connecting functions into two categories: rational 
functions where the degree of the numerator is greater than the degree of the 
denominator (this category clearly includes polynomials) and rational functions 
where the degree of denominator is greater than or equal to the degree of the 
numerator. Let {Pi/‘Qi} be all the rational functions of the first category among {Fi}. 
Let 
degreelP,, dwre(Q,) 
Pi(t) = 1 Uijtj, Qi(t) = C bijtj 
j=O j=O 
and let 
m = C )ordqaijI + C lord,g bij). 
i, j i, j 
Let a E OK,S, be such that ordV a < - 2m, then for all i 
ord, pi(a) < ordv a. degree(PJ + m, ord, Qi(a) > ord, a. degree(Qi) - m 
and consequently for all i 
ord~(Pi(a)/Qi(a)) d ordva .(degree(P,) - degree (Qi)) + 2m < - 2m + 2m = 0. 
Thus, (Pda)lQi(a)) $ OK, s2. Let {Gi} = {Fi)\ {Pi/‘Qi}. Then for all a E OK,s, such that 
ordtVa < - 2m there exists i such that Gi(U) E OK,S,. 
Let 9’ be the finite set of non-archimedean primes of K which occur as poles or 
zeros of any coefficient of reduced Gi for some i, and let S; = S2 u 9 u {s@}. Since 
adding or removing a finite set of primes does not alter the rational separability 
relationship between K and any holomorphy ring, it is not the case that K 6,, OK, s;. 
Therefore, there exists b E K such that, for all i, G(b) $ OK, s;. In other words, for every 
i there exists pi E S; such that ord, Gi(b) < 0. Since the degree of the denominator of 
G,(x) is greater than or equal to the degree of the numerator and ni$S;, we must 
conclude that ord,, b 3 0. 
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By the strong Approximation Theorem (see [S, 21: 2, p. 421 for the case of a number 
field, and see [2, Proposition 2.11, p. 211 for the case of an algebraic function field), 
there exists a E K such that for all i, a z b modulo pi, ord, a < - 2m, and ord, a > 0 
for all the other non-archimedean primes of K. Thus a E Ox,s, and, for all i, 
Gi(a)$OK,sI. 0 
Corollary 3.1. Let K be an algebraic functionjeld over an algebraically closed field of 
constants, let S,, S2 be two sets of primes of K and assume OK, s, <,, OK, s2. Then either 
S, c S2 or S2 contains all but finitely many primes of K. 
Proof. This corollary follows from Theorem 3.4 and the fact that algebraic losedness 
of the constant field implies that in every extension of K for every prime the relative 
degree will be one. 0 
We will next examine how rational separability behaves under some finite exten- 
sions. 
Lemma 3.8. Let K be a globaljeld and let M be ajnite extension of K. Let S be a set of 
non-archimedean primes of K and let W be the set of all the primes of M lying above S. 
Then M 6,, OM,w implies K 6,, OK,s. 
Proof. Let F,, .., , F, be the connecting functions from M to OM,w. Let 
013 ‘.. ,a[M:K] be all the embeddings of M into its algebraic closure which 
leave K fixed. (If the extension M/K is not separable not all 0’s will be 
distinct.) Let Gi = n$yi”‘oj(Fi). Thus, if for some u E K, Fi(a) E OM,w then 
Gi(a) = NM/K(Fi(a)) E OK,S. 0 
Lemma 3.9. Let K be a globaljeld as described in Theorem 3.4 and let M be a finite 
extension of K. Let S be a set of non-archimedean primes of K and let W be a set of 
primes of M lying above some S. Assume every prime of W is of relative degree 1 over the 
prime below it in K. Then M <,, OMM,w if and only if K <,, OK,s. 
Proof. The fact that M 6,, OMM, w * K <,, Ores follows from the preceding lemma. 
To prove the converse, suppose E is a finite extension of K such that all but finitely 
many primes of s have no factors of relative degree 1 in E. Then consider the extension 
ME/M and the following diagram: 
PEME 
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Let p be a prime of s and ‘$ E kV be a prime above p in M. Then, by assumption, 
f(‘$/p) = 1. Let P be above ‘!@ in ME and let q be below P in E. Then, 
f(PlP) =f(PlP)f(qlP) ’ 1. 
On the other hand, f(P/p) =f(P/Q) f(‘$/~) =f(P/p), and consequently 
f(PlP) > 1. 0 
Finally, we have the following result, which we have mentioned in the introduction, 
describing rational separability in terms of Dirichlet density of the prime sets involved. 
(For a discussion of Dirichlet density, see [3, pp. 12771361.) 
Corollary 3.10. Let K be a number field. Then the following statements are true: 
(1) For any E > 0 there exists a set S of K-primes of Dirichlet density less than E such 
that K Gr, OK,S. 
(2) If a set of K-primes S is of Dirichlet density zero then OK,s is rationally 
algebraically separable from K. 
Proof. (1) Let M be a Galois extension of K such that [M : K] > E-I. Then the 
Dirichlet density of primes of K splitting completely in M is [M: K] - ‘, and we are 
done. 
(2) Let S be a set of primes of K such that K 6,, OK, s. Then, by Theorem 3.4, there 
exists a finite extension M of K where no prime of s will have a factor of relative 
degree 1. It is easy to see that if we let M, be the Galois closure of M over K, then the 
same will be true of MG . Since all the primes of K having a factor of relative degree 
one in MG are among primes of S, all the primes of K with an Mo-factor whose 
Frobenius automorphism is the identity must also be among primes of S, but the 
density of such a prime set is positive. 0 
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